In 1999, De Simone and Körner conjectured that every graph without induced C 5 , C 7 , C 7 contains a clique cover C and a stable set cover I such that every clique in C and every stable set in I have a vertex in common. This conjecture has roots in information theory and became known as the Normal Graph Conjecture. Here we prove that all graphs of bounded maximum degree and sufficiently large odd girth (linear in the maximum degree) are normal. This implies that for every fixed d, random d-regular graphs are a.a.s. normal.
Introduction
A graph G is said to be normal if it contains a set C of cliques and a set I of stable sets with the following properties:
(1) C is a cover of G, i.e., every vertex in G belongs to one of the cliques in C;
(2) I is a cover of G, i.e., every vertex in G belongs to one of the stable sets in I; (3) Every clique in C and every stable set in I have a vertex in common.
Clearly, a graph is normal if and only if its complement is normal. This property is reminiscent on the notion of perfect graphs. Namely, normality is one of the basic properties that every perfect graph satisfies. Of course, normality is much weaker condition since every odd cycle of length at least 9 is normal.
The importance of normality of graphs lies in its close relationship to the notion of graph entropy, one of central concepts in information theory; see Csiszár and Körner [2] or [3, 7, 6] .
A set C of edges of a graph G is a star cover of G if every vertex of positive degree in G is incident with an edge in C and each component formed from the edges in C is a star (a graph isomorphic to K 1,t for some t ≥ 1). In the definition of normality, one may ask that the clique cover C is minimal. Note that a minimal clique cover in a triangle-free graph is the same as a star cover. A star cover C of a graph G is nice if every odd cycle in G contains at least 3 vertices whose incident edges in the cycle are either both or none in C.
For triangle-free graphs, De Simone and Körner [4] proved the following relationship between normality and existence of nice star covers. Theorem 1.1. A triangle-free graph is normal if and only if it has a nice star cover.
Let Q be a cycle of a graph G and C be a star cover of G. Then a vertex v of Q is a good vertex (with respect to C) if the two edges of Q incident with v are either both in C or none is in C. We define when a degree-2 vertex on a path is a good vertex in the same way. Let h be the number of components of Q ∩ C. Note that the number of good vertices in the cycle Q is equal to |Q| − 2h. Hence, we have the following observation. This observation shows that a star cover C is nice if and only if every odd cycle Q of G has at least two good vertices.
In their inspiring work, De Simone and Körner [4] proposed the following conjecture:
A graph is normal if it contains no induced cycles of length 5 or 7 and does not contain the complement of C 7 as an induced subgraph.
This conjecture has been verified for a very small class of graphs, including line graphs of cubic graphs [8] , minimal asteroidal triple graphs [10] , and a specific class of circulants [12] . See also [9] and [11] . We proved this conjecture for triangle-free subcubic graphs in [1] . The main result of this paper is Theorem 3.1 which states that random d-regular graphs are a.a.s normal.
To prove the Theorem 3.1, we first show that all graphs with bounded maximum degree and sufficiently large odd girth which is linear in maximum degree are normal. The following theorem states this result: Every C 4 -free graph G with maximum degree k ≥ 3 and odd girth at least 16k − 19 is normal. See Theorem 2.1.
The proof technique of [1] would enable us to prove Theorem 2.1 without excluding 4-cycles. However, since our main motivation is Theorem 3.1, it does not seem to be worth of the additional efforts. 
Graphs with maximum degree k
Here we extend the method that was used in [1] for cubic graphs to graphs with vertices of degrees more than 3. The proof is by induction on ∆(G) and gives a bound on the odd girth that is linear in ∆(G). We will sustain of trying to optimize this bound since it is too far from the conjectured value in Conjecture 1.3.
Let us define a star cover C of a graph G by using the following procedure. We assume that G has no isolated vertices.
(2) Let F s be a maximum set of vertex-disjoint s-stars such that G s = G s \V (F s ) has no isolated vertices apart from those that are already present in G s . (When s = k, there are none, but they may arise later when this step is repeated with s < k.) (3) Let U s be the set of vertices whose degree in G s is equal to 1 and whose neighbor has degree s in G s . Let U s be the neighbors in G s of vertices in U s and let U s = U s ∪ U s . Add all U s − U s edges to the cover and let
and that the last step may give rise to some isolated vertices in G s−1 .
(4) If s > 3 then decrease s by one and go to (2).
(5) Note that the subgraph G 2 consists of paths and cycles, possibly including some isolated vertices. Let V 2 be the set of isolated vertices in G 2 . For each vertex in V 2 , choose one of its neighbors in U s where s is as small as possible. Add the edge joining them into C. If we have a pattern of edges in C like the one shown at the top of Figure 1 , we change it to the cover shown at the bottom of Figure 1 .
(6) Note that the subgraph G = G 2 \V 2 consists of non-trivial paths and cycles. Cover the vertices of each path or cycle in G with 2-stars and at most 2 single edges.
Using the above construction of a star cover C, we can prove the following.
Theorem 2.1. Every C 4 -free graph G with maximum degree k ≥ 3 and odd girth at least 16k − 19 is normal.
Let us consider the construction (1)-(6) of the star cover C described above. Furthermore, note that if Q is a cycle in G and v ∈ V (Q) ∩ F k where k = ∆(G), then either v is a good vertex of Q, or there is an edge vu ∈ E(Q)
Case 1. First assume that v 0 v 1 ∈ T 1 (s). Since P is a C-alternating path, v 1 v 2 / ∈ C. Therefore v 2 is not in the star in F s centered at v 1 . This implies that v 2 has been selected in some step before s, because at each step we only select maximum stars in the remaining graph. This means that v 2 ∈ F t ∪ U t for some t > s. Suppose that v 2 ∈ F t . Since the edge v 2 v 1 ∈ E(G t ) is not in the star of F t containing v 2 , the star is centered at v 3 . This shows that v 2 v 3 ∈ T 1 (t). For the other possibility, suppose that
Case 2. Assume that v 0 v 1 ∈ T 2 (s). Since v 1 ∈ U s , v 1 was a vertex of degree one in G s . Therefore v 2 ∈ F s or v 2 ∈ F t or v 2 ∈ U t for some t > s. Using the same argument as in case 1,
Case 3. Assume that v 0 v 1 ∈ T 3 (s). Since v 1 ∈ V 2 , by step 5 of the construction of C, v 2 has been selected at the same step as v 0 or at a step before v 0 . Therefore, v 2 ∈ U t ∪ F t for some t ≥ s. If v 2 ∈ U t ∪ F t , with t > s, or to F s , then we are done by cases 1 and 2, applied to the path v 2 v 3 v 4 . . .. Assume finally that v 2 ∈ U s . Then v 3 ∈ U s or v 3 ∈ V 2 . If v 3 ∈ U s , case 2 shows that v 4 v 5 or v 5 v 6 ∈ T 1 (t) ∪ T 2 (t) ∪ T 3 (t) for some t > s. Thus we may assume that v 3 ∈ V 2 . Again since v 3 ∈ V 2 , by step 5 of the construction, v 4 has been selected at the same step or before v 2 . Therefore v 4 ∈ U s or v 4 ∈ F s or v 4 ∈ U t ∪ F t for some t > s. If v 4 ∈ U t ∪ F t ∩ F s , we are done. Assume that v 4 ∈ U s . Step 5 of the construction indicates that
Lemma 2.3. If G has maximum degree k ≥ 3, any C-alternating path has at most 16k − 24 vertices. Lemma 2.2 shows that (at least) every 8 vertices we reach an edge in T 1 (t) ∪ T 2 (t) ∪ T 3 (t) for some t > s. By the observation made before Lemma 2.2, once the path hits F k , it can not continue and the vertices of F k will be the end of the path. Thus the path continues from u i u i+1 with at most 8(k − 2) − 2 other vertices. At most 8 edges of G can be part of a C-alternating path (step 6 of the construction). Thus P is composed of at most two subpaths with ≤ 8(k − 2) vertices each, plus at most 8 vertices in G . The order of P is therefore at most 16k − 24. Proof of Theorem 2.1. We assume that C has been constructed according to the process described above. Let Q be a cycle of odd length at least 16k − 19. By Observation 1.2, Q has a good vertex w and it suffices to prove that Q has another good vertex. If w is the only good vertex of Q, deleting w (and maybe its neighbors in Q) from Q, gives us a C-alternating path of length ≥ 16k − 22. Lemma 2.3 shows that there is no alternating path of length > 16k − 24 in G. Therefore Q has another good vertex and this completes the proof.
Proof. Consider a C-alternating path
P = u 0 u 1 u 2 . . .. If an edge u i u i+1 ∈ C is in T 1 (s) ∪ T 2 (s) ∪ T 3 (s), then
Random Regular Graphs
In this section, we show that all random regular graphs are a.a.s normal. Let G n,d be the uniform probability space of d-regular graphs on the n vertices {1, 2, · · · , n} with dn even. In other words, sampling from G n,d is equivalent to picking such a graph uniformly at random (u.a.r.). Bollobás proposed the configuration model to generate the uniform probability space G n,d . The model is described as follows. Letting W = {1, · · · , n} × {1, · · · , d}, a configuration P is a partition of W into dn 2 pairs. The resulting pairs are called the edges of the configuration and the points in W are called half-edges. By projecting the set W to the set {1, · · · , n}, each configuration P projects to a d-regular multigraph G(P ) with vertex set {v 1 , · · · , v n }. Furthermore, a pair (x, y) in P corresponds to an edge (v i , v j ) of G(P ) where x = (i, k) for some i ∈ {1, · · · , n} and for some k ∈ {1, · · · , d}, and y = (j, l) for some j ∈ {1, · · · , n} and some l ∈ {1, · · · , d}. Since we are interested in simple graphs, each graph in the uniform probability space of d-regular graphs, i.e., G n,d , corresponds to precisely d! n configurations. Thus, by taking the projection of a random configuration and conditioning on it being a simple graph, we obtain a random d-regular graph on {1, · · · , n} with the uniform distribution over all such graphs (see [5, 13] ). Now we prove the following theorem.
Proof. First we delete three consecutive edges from each odd cycle of G ∈ G n,d with length ≤ 16d − 19 (see Figure 2 ) and then one edge from each 4-cycle. Now note that the expected number of copies of any subgraph H of G with v vertices and e edges is O (n v−e ). Thus, the expected number of copies of subgraphs with more edges than vertices is O (n −1 ). Consequently, cycles of G of length ≤ 16d − 19 are a.a.s. pairwise disjoint and pairwise at distance at least 32d. Thus these cycles of G are not connected with paths of bounded length a.a.s. (see [5, 13] ). Using this, along with the fact that d ≥ 3, the resulting graph G is a connected triangle-free graph a.a.s. Now we apply the algorithm proposed in the previous section to find a nice star cover C of G . We claim that the same star cover is nice for G. Adding back the deleted edges, every odd cycle of G is nice. Consider odd cycles in G using at least one of the edges in E(G) \ E(G ). If such a cycle contains all three edges removed from a "short" odd cycle, then two vertices on these edges will be good (see Figure 2 ). Since the number of good vertices in an odd cycle is odd due to Observation 1.2, we have at least three good vertices. If an odd cycle contains one or two edges removed from a "short" odd cycle or a 4-cycle, using the fact that "short" cycles are all disjoint and pairwise at distance at least 32d, it is a.a.s. of length ≥ 32d and therefore by Lemma 2.3 it has at least three good vertices. Furthermore, in the proof of Theorem 2.1 we showed that any odd cycle of length > 16d − 19 has at least 3 good vertices and consequently we obtain a cover for G which is nice. Thus G is a.a.s. normal.
